We extend topological string methods in order to perform WKB approximations for quantum mechanical problems with higher order potentials efficiently. This requires techniques for the evaluation of the relevant quantum periods for Riemann surfaces beyond genus one. The basis of these quantum periods is fixed using the leading behaviour of the classical periods. The full expansion of the quantum periods is obtained using a system of Picard-Fuchs like operators for a sequence of integrals of meromorphic forms of the second kind. Discrete automorphisms of simple higher order potentials allow to view the corresponding higher genus curves as covering of a genus one curve. In this case the quantum periods can be alternatively obtained using the holomorphic anomaly solved in the holomorphic limit within the ring of quasi modular forms of a congruent subgroup of SL(2, Z) as we check for a symmetric sextic potential. 
Introduction and Summary
Periods of differentials of first, second and third kind on Riemann surfaces Σ g with genus g ≥ 1 are a classical mathematical subject generalizing the theory of elliptic functions. These periods have rich applications to N=2 super symmetric gauge theory [1, 2] , topological string theory on local Calabi-Yau manifolds [3, 4] , matrix models [5] and integrable models [6, 7] . Additional connections to Liouville Theory and more general 2d CFTs have been proposed in [8] and at a more technical level the periods are related to certain Feynman integrals [9] .
The supersymmetric gauge theories exhibit a two parameter 1 , 2 space of deformations, the so called Ω-background, that allows to solve it by localization [10] , while the topological string has generically only a world-sheet genus g ws expansion in the string coupling g s corresponding to g 2 s = 1 2 . However, in the presence of global U (1) R symmetry on the geometry it can be uniquely refined motivically to exhibit two deformation parameters say g s and s = ( 1 + 2 ) 2 [11] . The matrix model has a genus expansion and also a candidate for refinement of the measure [12] , while the particular integrable structure [6] occurs in the Nekrasov-Shatashvili limit 4 ε 2 = 0. The connections between these theories are mostly well understood. The N=2 super symmetric gauge theory is related to the topological string by the geometric engineering limit [2] . The relation between the topological string and the matrix models was made precise in [13] .
It has been pointed out in [7] that the genus expansion of the topological string can be viewed as a time dependent quantization of the geometry of the Riemann surface and in [14] it has been recognized that the expansion in the Nekrasov-Shatashvili limit (NS limit) can be literally viewed as a time independent WKB quantisation of an action given by the classical periods, which encode the potential of the quantum mechanical problem. This yields as solution to the WKB problem the expansion of the quantum periods. More concretely it has been exemplified in [15] that solving the holomorphic anomaly equation can be turned into an efficient formalism to obtain these quantum periods of simple WKB problems. This seems independent of the fact whether Σ g corresponds topological string-, gauge theory-or a matrix model spectral curve. Quantum mechanical problems that do correspond to a gauge theory curve have been considered in [16] . In particular near the Argyres-Douglas points for SU (2) with one and two flavors in the fundamental representation, the families of Seiberg-Witten curves describing the deformation away from the conformal point can be mapped exactly to the quantum mechanical problems with cubic and the quartic potential [16] . As a consequence the quantized curve describes the gauge theory coupled to an Ω-background. A similar analysis could be done for the Argyres-Douglas points in the Coulomb branch of higher rank gauge groups.
The holomorphic anomaly equations originate in the worldsheet B-model approach to topological string theory [17] which has only a g s expansion. For the present purpose they have to be refined as in [18, 19] . The resulting equations are recursively based as starting data on the holomorphic genus zero free energy F 0 = F (0,0) (t), which can be interpreted as the classical term, the an-holomorphic genus one free energy F (0,1) (t), whose an-holomorphicity is given by a second order ∂ t∂t differential equation for the Ray-Singer torsion [17] giving g 2 s corrections and a meromorphic function F 1 = F (1,0) (t), which is proportional to the logarithm of the discriminant of Σ g and gives 2 corrections. More generally the holomorphic anomaly equation for each F (m,n) (t) with (m + n) ≥ 2 has a recursion kernel called the holomorphic ambiguity, whose finite dimension has a polynomial growth in (n, m). It has been argued in [20] that for gauge theory and matrix models this holomorphic ambiguity can be fixed by the gap condition at the conifold divisors and regularity at the orbifold divisors in the moduli space. In [21] it has been shown that this is more generally true for the genus expansion of the topological string on local geometries whose mirrors are genus g curves. These arguments have been extended to the refined theories whose B-model description are genus g curves. For this class the set of sufficient boundary conditions has been specified in [18, 22] . They imply, of course, the integrabiliy of the theory in the NS limit, in which it is considerably simpler.
In particular, one can obtain in these cases the quantum periods by solving the holomorphic anomaly equation [23] . Alternatively, one can consider the quantum expansion of the differential in 2 , which is apart from the leading term in always of the second kind and solve the quantum period using a system of Picard-Fuchs like differential operators D 2n that yield the 2n correction term from the classical period as proposed in [24] .
In this paper we extend both methods to higher genus curves. As it turns out the formalism using the holomorphic anomaly equation is slightly more convenient in the g = 1 case, because one can use very efficiently the modularity properties of genus one curves as developed in [22] . One needs essentially only the genus one curve in the Weiererstrass form, the transformation into which is easily done using Nagell's algorithm. This method solves right away all cases with quantum mechanical problems whose potential is of quartic or cubic degree. However, we find that some symmetric higher degree quantum mechanical potentials describe higher genus curves which are multi-coverings of genus one curves. In this case the higher genus problem can be reduced to a genus one problem and solved as such very efficiently as described above. In particular, we check along these lines that the gap condition appropriately determines the right boundaries of the WKB problem with a sextic curve covering a quartic curve. Higher degree potentials are of course particularly interesting if this symmetry can be broken at will by arbitrary perturbations which leads to really independent cycles or branch cuts which can capture interesting changes in the possible non-perturbative effects.
Despite the fact that part of the original motivation of this work was to use the extension of the SL(2, Z) modular approach of the g = 1 case to the one of Siegel modular forms in the higher genus case in order to solve the holomorphic anomaly equation as in [25] , it has turned out to be much easier to extend the D 2n to a system of multi-parameter operators that yield the higher correction terms from the classical periods. We develop this formalism, which applies to arbitrary genus, and exemplify it with the quintic potential with additional deformation parameters turned on. Our ability to solve quantum periods on higher genus curves for arbitrary multi-parameter complex deformation families will also shed light on the problem of how to restrict the general parametrization of higher genus curves by the Siegel upper half plane to those algebraic deformations of the potential that occur in a specific quantum mechanical setting, which we leave, however, for future explorations.Quantum periods could lead to a generalization of the semiclassical analysis of 1D multivalent Coulomb gases mapped to (non-)Hermitian quantum mechanics [26] , where the classical periods of families of Riemann surfaces of genus g ≥ 1 yield information about the energy spectrum and bandwidth (i.e. pressure and transport barrier). Note: While we were preparing this preprint, the paper [27] appeared, which has overlap in determining the quantum periods by the Picard-Fuchs differential systems, but only in the modular cases related to genus one curves, where the method was already discussed in [24] and the direct integration method is more efficient.
2 The All-Orders WKB Method
The WKB Ansatz
This section provides a quick introduction to the all-orders WKB method of Dunham [28] 5 . A central object in this method is the quantum period, a formal power series in 2 whose → 0 limit yields a phase space volume defined by a maximal energy ξ. Let us explain the construction. Consider the one-dimensional Schrödinger equation for a particle moving in a potential V ,
where the mass has been set to m = 1. The WKB ansatz for the wavefunction
turns the Schrödinger equation into a Riccati equation for Q(x),
3) which in turn is expanded in a formal power series
and leads to a recursion for the functions Q n (x),
5 Our exposition closely follows [15] . For a more pedagogical treatment we refer to [29] .
Splitting the series into even and odd powers of , 6) one finds that Q odd (x) is a total derivative
and it follows that only Q 1 and P contribute to period integrals of (2.4). The WKB wavefunction (2.2) can be rewritten in terms of P (x) only, i.e.,
Now consider the family of (compact) Riemann surfaces Σ defined by 9) where the energy ξ and possibly parameters of the potential V serve as family parameters. In the following we restrict ourselves to polynomial potentials such that Σ becomes a family of hyperelliptic curves. The genus
is then determined by the degree d of the potential.
For anharmonic oscillators leading to a genus one curve there are only two independent one-cycles on the curve, one of which typically encircles the branch points bounding a classically allowed region. We call it the A-cycle. On the other hand, the B-cycle corresponds to a classically forbidden region. The volume of the classically allowed region in phase space can be expressed as the period integral of the one-form y(x) dx as 1
Its quantum counterpart is then defined using the formal series for P (x) dx, 11) and appears in the all-orders WKB quantization condition
The questions of how to generalize this quantization condition to (1.) several potential wells separated by barriers (as it is generic for higher genus curves) and to (2.) include non-perturbative effects shall not be adressed here. Indeed, we will only be interested in providing efficient computational methods for WKB quantum periods and in probing the conjectural connection between these periods and the holomorphic anomaly equation. 
Geometry of Quantum Periods
In the following we collect some facts 6 about the geometry and topology of hyperelliptic curves, tailored to the WKB setup and yielding explicit constructions.
Moduli Space of Hyperelliptic Curves. A compact Riemann surface of genus g ≥ 2 has dim C M g = 3g − 3 moduli, while the moduli space of hyperelliptic curves is of dimension dim C M hyp g = 2g − 1. To understand the latter, note that the branch points serve as local parameters of M hyp g . Two hyperelliptic (or elliptic) curves are conformally equivalent if and only if their branch points differ by a fractional linear transformation (Möbius transformation)
These are precisely the bijective holomorphic mapsĈ →Ĉ.
From the WKB point of view the energy ξ is a natural curve parameter and a choice of the potential V selects a sublice of M hyp g .
Degenerations and
Monodromies. For a polynomial V (x) the complex curve Σ can be regarded as two copies of the Riemann sphereĈ = P 1 , glued together along branch cuts. Here the branch points are turning points of classical trajectories and their complex analogs 7 , given by p 2 (x) = 0. There are dim C H 1 (Σ, C) = 2g independent one-cycles on Σ, which can be represented by closed contours encircling branch points. This is schematically shown in Fig. 2.1 . For certain values of ξ two (or more) branch points coincide and a corresponding one-cycle vanishes. Pictorially, 6 The mathematical statements we have collected here are mostly textbook knowledge. A good introduction to Riemann surfaces with application to periods is given in [30] . 7 If V (x) has odd degree, one branch point lies at infinity.
a handle of the surface described by Σ gets pinched and Σ is called degenerate or singular. Indeed, the curve is non-singular if and only if the discriminant
is non-zero. This is always a polynomial in the coefficients multiplying the monomials of p 2 (x). Generically, there are no radical expressions for the roots x i if d > 5 (AbelRuffini), nevertheless the discriminant can be factorized as 8
where the x (c)
i are the critical points of V (x). Thus, for fixed potential V (x), eq. (2.9) defines a smooth fiber bundle S π → B over the base B = P 1 \({∆ = 0} ∪ {∞}), the fibers being smooth hyperelliptic curves. Moreover, the homology groups H 1 (Σ, C) of the fibers combine to a complex vector bundle over the same base B. Fixing a reference point ξ in B for the moment, it can be shown [30] that there is a monodromy homomorphism 9 ρ mon. :
whose image can be identified with a discrete subgroup of Sp (2g, Z), i.e., it preserves the symplectic structure defined by the intersection form ∩. The image of (2.16) is the monodromy group of the family of curves. For the generator g associated to a point ξ with vanishing cycle γ the monodromy action on a cycle γ ∈ H 1 (Σ ξ , C) is given by the Picard-Lefshetz formula
Geometrically this is a Dehn twist along the embedded circle representing γ . There is a neighborhood N of this circle homeomorphic to a cylinder [−1, 1] × S 1 . If γ is another embedded circle intersecting γ exactly once with the intersection point lying in N , then Fig. 2 .2 shows the action corresponding to (2.17). The upshot is that this monodromy determines the structure of the periods Π(ξ) on Σ, which are sections of the same vector bundle over B (up to isomorphism). This will become explicit when discussing Picard-Fuchs equations shortly.
Abelian Differentials. The WKB periods belong to a tower of meromorphic oneforms Q n = Q n (x) dx on Σ. Meromorphic one-forms on Riemann surfaces are usually divided into three types: Abelian differentials of the first kind are holomorphic, i.e., in any local complex coordinate (z, U ) they can be written as λ = λ z dz with a holomorphic function λ z . For hyperelliptic curves of genus g there are precisely g such forms modulo exact forms, a basis is given by the g differentials x j dx/y , j = 0, ..., g−1.
There are also Abelian differentials of the second kind where λ z is a meromorphic function with vanishing residues. They form an infinite-dimensional vector space Λ 1 (Σ). An Abelian differential of the third kind is also allowed to have non-zero residues in its local Laurent expansion. It is well known that the middle cohomology H 1 (Σ, C) has complex dimension 2g and can be represented as the quotient 18) where d denotes the exterior derivative and we have introduced Λ 0 (Σ) = {φ : Σ → P 1 | φ meromorphic}. Clearly non-zero residues obstruct homotopy invariance, which is required for a well-defined pairing between singular homology H 1 (Σ, C) and cohomology H 1 (Σ, C). Some computation will be required to see which WKB differentials are of third or second kind.
Picard-Fuchs Equations. Periods of differentials of the second kind satisfy ordinary differential equations with respect to the modulus ξ, which are at most of order 2g. To see this, recall that any period and its derivatives produce local sections of a vector bundle over B, the fibers being isomorphic to H 1 (Σ, C). Finite dimensionality then requires a linear relation amongst the derivatives. These Picard-Fuchs equations (PFE) are of Fuchsian type and fundamental systems can be constructed by Frobenius' method [31] . To find the PFE for the WKB periods at each order in 2 we use the identification (2.18) and start by considering the WKB differentials. For each n ∈ {0, 1, 2, ...} there is a polynomial p n in x and ξ of degree
Polynomials for n ≥ 2 satisfy the recursion relation
(2.21) where (...) means ∂ x (...). As V is a real polynomial, p 2n (p 2n+1 ) has real (imaginary) coefficients. Linear dependence in H 1 (Σ, C) hence translates into the ansatz
for some r ≤ 2g and sufficiently large k max . After writing the expression with y 3n−1+2r as common denominator, we choose the α k to subsequently eliminate monomials g j (ξ)x j from the resulting numerator, starting from the highest power in x. Some monomials will remain and requiring their coefficients to vanish determines the poly-
up to an overall constant. Thus, we find the PFE
The polynomial in front of the highest derivative is actually the discriminant ∆ encountered before, i.e., degenerations of Σ are in one-to-one-correspondence with the regular singular points of the PFE. The relation to Picard-Lefshetz theory becomes even clearer when regarding the analytic structure of solutions to the PFE (2.23): the series ansatz
leads to a polynomial indicial equation for r 10 . Here we seek solutions around ξ = 0. After having solved for r a recursion relation for the coefficients c (r) k of each r-solution is to be found. If the roots of the indicial polynomial are pairwise distinct and no two of them differ by an integer, this construction already leads to a fundamental system. In case two roots differ by an integer, without loss of generality r 1 − r 2 ∈ {0, 1, 2, ...} and Π r 1 is a solution of the form (2.24), a linearly independent solution may be found using the ansatz
where the constant c might be zero if r 1 − r 2 = 0 11 . Consider the special case of a double indicial root r 1 = r 2 = 1, so the analytic solution Π 1 (ξ) = ξ + ... vanishes as ξ → 0. The second solution Π 1 for the given index r = 1 takes the form (2.25) 10 The exponent r appearing in this ansatz is not to be confused with the order r of the Picard-Fuchs equation (2.23).
11 For a more complete discussion of Frobenius' method the reader may wish to consult [32] or [31] .
8 with c = 0, without loss of generality c = (2πi) −1 , and thus possesses the monodromy property encountered in the Picard-Lefshetz formula: analytic continuation along a closed path enclosing ξ = 0 shifts Π 1 → Π 1 + Π 1 due to the logarithm. This monodromy property allows us to identify Π 1 with the period integral of the respective one-form along a one-cycle that vanishes as ξ → 0 (up to normalization). Also, Π 1 belongs to periods along cycles non-trivially intersecting with the vanishing cycle.
Differential Operators for Quantum Corrections. Exploiting linear dependence modulo exact forms we also obtain differential operators 2n D 2n that generate quantum corrections when acting on classical WKB periods Q 0 dx. Derivatives of the latter span a subspace of H 1 (Σ, C), in all examples considered the full space, so an ansatz analogous to eq. (2.22) is justified. In the above fashion we find rational functions q
We stress that these results provide an efficient method of computing WKB periods up to arbitrary order in 2 . First one computes the classical PFE and uses Frobenius' method to provide a fundamental system of solutions. The difficult point is to compute a few terms 12 of the classical hyperelliptic periods y dx in order to fix the corresponding linear combination of solutions. Applying 2n D 2n on those bypasses further evaluation of period integrals.
Holomorphic Anomaly Equation and Direct Integration 3.1 Connecting WKB to the Holomorphic Anomaly Equation
Having introduced the WKB method and discussed the geometry behind its periods we are now able to connect the latter to the holomorphic anomaly equation governing refined topological string free energies. Guided by [15] we take from the WKB recursion (2.5) the formal power series
In the examples discussed in [15] there is a canonical symplectic pair (A, B) of cycles, called the perturbative and non-perturbative cycle, encircling pairs of branch points localized on the real axis. With these cycles we define the quantum A-and B-period
We call the inverse of the A-period (3.2) the quantum mirror map 13
Then the quantum free energy is defined by
which makes it obvious that the quantum free energy admits an expansion
As F (ν) was defined via its ν-derivative it is not possible to fix the constant term of the free energy from the WKB perspective 14 . Inspired by this construction Codesido and Marino [15] claimed that free energies (3.5) corresponding to all-orders WKB periods (3.2) and (3.3) of generic onedimensional quantum systems are governed by the refined holomorphic anomaly equation characterizing the refined topological string free energies in the Nekrasov-Shatashvili limit.
Sub-slices in the Moduli Space of Hyperelliptic Curves
On a genus g Riemann surface Σ g it is always possible to choose a symplectic basis (A i , B i ), i = 1, . . . , g, of the homology H 1 (Σ g , Z) with A i ∩B j = δ j i and accordingly one has in general several A-periods ν i (ξ, η) and several B-periods ν D i (ξ, η) respectively. Moreover, on a hyperelliptic curve Σ g they can in the general case depend, besides of the energy ξ corresponding to the constant term in x, on 2g − 2 perturbations η of the potential.
Easy quantum mechanical potentials correspond to sub-slices in the full moduli space where the branch points of one cut are real. In the simplest cases the periods on this sub-slice enjoy a simple relation due to additional symmetries on Σ g . For example for a sextic potential that we consider in Section 4.1 two symmetric B cycles are exchanged by Z 2 symmetry and the problem reduces to one pair of symplectic periods on a genus one curve on which a solution of the holomorphic anomaly, described in some generality in Section 3.3-3.5, can be constructed and perfectly reproduces the quantum period, just using the standard boundary conditions to fix the recursion kernels, as summarised for the particular example in Section 4.1.3. More conceptually one can state that is this case if one can find a subgroup Γ Σ 1 ⊂ SL(2, Z) with Γ Σ 1 ⊂ Γ Σg ⊂ Sp(4, Z) on the sub-slice and the generators of almost modular forms of Γ Σ 1 can be used to perform the direct integration.
The situation is more complicated if one considers a sub-slice on a higher genus surface when the reality condition of the branch points of one cut is not related to a symmetry, as for example for the particular quintic potential discussed in section 4.2. In this case it is not possible to obtain the solution of the holomorphic anomaly equation by the direct integration directly on the sub-slice. The reason is that the reality condition breaks in general the modular invariance of the F (n,g) under the subgroup Γ Σg ⊂ Sp(2g, Z) of the family Σ g in a very complicated way 15 . A modular family is however necessary to write the F (n,g) as polynomials in the ring of modular generators for Γ Σg and to perform the direct integration with respect to the almost holomorphic generators. Also in order to determine all boundary data by the gap condition one has to consider in general all possible conifold divisors and some of those might not be accessible in the restricted parametrization of the sub-slice. At the technical level we argue in Section 4.2.3 that on the sub-slice of the quintic one does not find the start datum F 1 that allows to setup the direct integration on the slice directly.
These problems have a conceptually easy, but technically demanding solution: one has to set up the problem first in the full moduli space of the hyperelliptic curve, as it has been done e.g. for g = 2 in [25] , and then restrict to the sub-slice.
Before setting up the formalism to solve the multi-parameter holomorphic anomaly equation we should mention that we develop a formalism to get the quantum period on the sub-slice and the full moduli space by deriving a system of differential operators D 2n that allow to obtain all quantum periods if the classical periods over a symplectic basis are determined. We demonstrate this for the quintic in section 4.2.
The Refined Holomorphic Anomaly Equation
The refined holomorphic anomaly equation for the topological string [18, 25] is given by∂ī
for n 1 +n 2 > 1, where the prime mark indicates omission of terms with (m, h) = (0, 0) and (n 1 , n 2 ). The indices i, j, k run over the number of different moduli of the curve. Covariant derivatives D i correspond to the metric G ij on the moduli space of complex structures of Σ g . The metric can be expressed using the standard period matrix τ ij of the standard holomorphic one-forms of Σ g as
Furthermore, the expressionC jk ı is related to the Yukawa coupling
Moreover, the Yukawa coupling can be given for example by
where the invertible constant matrix C m i is given by a relative normalisation of the classical periods of the holomorphic one form differentials relative to the periods ν i (ξ, η) and ν D i (ξ, η) as discussed in [25] . This means that the C jk ı are given entirely in terms of the classical periods.
In (3.7) the anomaly equation is stated in its most general form. For the conjecture we have to restrict to the Nekrasov-Shatashvili (NS) limit [23] n 2 = 0 for which the first term of (3.7) drops out and we are left with the free energies
Direct Integration Procedure in Terms of Propagators
Solving the anomaly equation can be done with the direct integration procedure [18, 20, 25] . Here we will use the direct integration method from [21] , which is formulated in terms of the propagator S ij , the latter being defined bȳ
The idea of the direct integration method is to rewrite the anti-holomorphic derivatives as derivatives with respect to the propagator
such that (3.7) becomes 16
(3.15) 16 Here we have to assume that theC jk i are linearly independent. Furthermore, the covariant derivatives become normal derivatives because in the local case the Kähler connection in the covariant derivatives becomes trivial.
The propagator can be calculated from a set of equations derived from special geometry of the moduli space [25] 
These equations are overdetermined in the multi-moduli case. In the one-parameter case we solve these equations by imposing A ξ = 0. The other two ambiguities can then be fixed. As an ansatz for the unknowns in (3.16) one can choose 17) where ∆ r are different factors of the discriminant and h(ξ) is some polynomial in the modulus ξ. An analog ansatz is made forf k ij . As initial values for the holomorphic anomaly equation a suitable form for F (0,0) , F (1, 0) and F (0,1) is demanded. From special geometry F (0,0) can be determined. For F (1, 0) and F (0,1) , respectively, we take [25] 
and
as a suitable ansatz where the parameters α, a and b have to be fixed. By comparison with the WKB results we can fix these parameters. With F (0,1) we refer to the holomorphic part of F (0,1) . For our computations it is enough to specify the holomorphic part only. It is well known that the propagator in ν-coordintates can be given in terms of almost holomorphic modular forms [25] , which for genus one read
while for genus two curves with Im(τ ) pq , p, q = 1, 2 one obtains a very similar expressionŜ ij = 1 2πi 20) where now χ 10 is the Igusa cusp form and the C i p are constant invertible normalisation matrices. For Σ g>2 one can solve (3.16) to get further interesting anholomorphic objects. From the general structure one can see that solving (3.15) explicitly leads to F (m,g) that are polynomials of degree 3g +2n−3 in the propagators with meromorphic but not an-holomorphic coefficients so that the total expression for F (m,g) is invariant on the monodromy group Γ Σg of the family Σ g . The meromorphic coefficients become simpler if one redefines the propagators themselves by meromorphic but not an-holomorphic forms, which we will do in section 4.1.3.
Fixing the Holomorphic Ambiguity
After integrating we still have a holomorphic ambiguity or recursion kernel in the free energies F (n 1 ,n 2 ) ( 1 , 2 , ν) or more specifically in the F n = F (n,0) . Fixing this ambiguity can be done by imposing the so called gap condition at all conifold divisors with a suitable normalised vanishing cycle ν, at which the leading behavior of each F (n 1 ,n 2 ) ( 1 , 2 , ν) can be determined by an expansion the refined BPS saturated Schwinger-Loop integral
Here m! . This determines the leading coefficient of the free energies and moreover implies that all other lower singular coefficients vanish. More precisely, the gap conditions, for example for the later defined sextic oscillator, can be written as
where n ≥ 2. In (3.22) ν and t ± f label locally flat coordinates around the conifold loci associated to the vanishing cycles. In our model we could set the normalization constants k n and k ± n to unity. It is interesting that the upper gap condition is general in the sense that it is true for all anharmonic oscillators (4.1), not only for the sextic. This is related to the fact that the gap condition is implied by the quantization condition of the underlying quantum mechanical system [15, [34] [35] [36] . The asymptotic behavior implied by the quantization condition reads
and matches with the leading singular coefficient of the free energies. This universal singular behavior shows up for both examples we discuss in section 4.
The holomorphic ambiguity can be parametrized as a polynomial divided by the discriminant locus to the power 2n − 2. The degree of the numerator is bounded imposing regularity for ξ → ∞. Actually, the degree can be further reduced by one as the highest degree monomial can be combined with appropriate lower degree ones to yield a constant contribution in ξ. This gives a constant contribution to the free energies which is unphysical. More precisely, this means
where u n (ξ) is a polynomial whose degree is one less than that of the denominator. Requiring linear independence of the gap condition at all conifold loci fixes the holomorphic ambiguity completely.
Examples
Our two examples fall into the class of anharmonic oscillators of the form
which has also been studied in e.g. [15, [34] [35] [36] [37] [38] . In this work we focus on the cases where the corresponding WKB curve has genus two, namely the quintic (d = 5) and symmetric sextic (d = 6) case. For any degree d the coupling g may be set to unity upon rescaling
so that ξ remains as single modulus of the hyperelliptic curve Σ :
For potentials of the simple form (4.1) the critical values can be computed explicitly and for all d. Solving the common root condition one finds
such that the non-zero roots of the discriminant differ by roots of unity. Examples with different d are shown in Fig. 4 .1a, while Fig. 4 .1b introduces homotopy generators relevant for monodromies using the example of the quintic.
It is clear that all WKB differentials are linear combinations of differentials one case these are not satisfied for the terms in Q 2n due to (2.19) and (2.20). For n ≥ 1 the residue of Q 2n at the point(s) at infinity vanishes, independent of d > 2. Regarding the classical differential one finds
Furthermore, the WKB differentials Q 2n have no residues at the branch points. So except for the case 17 d = 6, n = 0 all Q 2n are differentials of the second kind and represent elements of H 1 (Σ, C).
The Symmetric Sextic Oscillator
The corresponding WKB curve
is of genus g = 2. A plot of the potential as well as the homology cycles corresponding to pairs of real turning points are given in Fig. 4 .2 for generic small ξ > 0. Over the complex numbers there are always six turning points, two of which are complex conjugated. This is illustrated in Fig. 4 .3 for ξ varying between two non-negative roots of the (normalized) discriminant 
Picard-Fuchs Operators and Quantum Differential Operators
To begin our discussion of the sextic oscillator we introduce quantum A-and B-periods (ν(ξ), ν D (ξ)) as defined in (3.2) and (3.3). The A-and B-cycle are defined in Fig. 4 .2 and encircle pairs of real branch points, see also Fig. 4 .3. They are nomalized such that ν (0) = ξ + . . . . The leading behavior of the classical periods can be determined as outlined in appendix B. Higher terms in the ξ-expansion are then generated using the Picard-Fuchs operator ) is varied between two zeroes of ∆6. Colors distinguish the six trajectories.
This leads to the following expansions for the first few WKB orders of the A-period 
respectively the B-period (4.11) At any given order in 2 the A-and B-period are annihilated by a corresponding Picard-Fuchs operator which we collect in appendix C.
Quantum Free Energies from Quantum Mechanics
As explained in subsection 3.1 we can construct quantum free energies in the WKB framework. This is done by firstly computing the quantum periods (4.10) and (4.11), secondly using the inverse of the A-period as the mirror map to express the B-period in terms of ν and thirdly integrating with respect to ν. Thus, calculating free energies up to F n requires the computation of the A-and B-period up to order 2n . We find (4.12) These expressions can be compared with the topological string computation which we will be presented shortly. As initial datum we use the classical free energy F 0 (ν). Moreover, the first quantum correction F 1 will be used to fix the parameters in the ansatz (3.18).
Solving the Holomorphic Anomaly Equation for the Reduced Sextic
So far, we have used geometry within the WKB method to calculate quantum periods. On the other hand using the claim stated in subsection 3.1 we can use string theoretical methods, namely the holomorphic anomaly equation, to compute free energies related to quantum periods by (3.5) . In this paragraph we make this explicit by solving the holomorphic anomaly equation for the sextic curve (4.6). Our approach to solve this equation follows the procedure in [21] .
Starting with the classical free energy F 0 (4.12) we can compute the Yukawa coupling (4.13) in the coordinate ξ as
By comparison with the quantum mechanical computations (4.12) we can fix the parameters in (3.18) and find for F 1
(4.14)
We can now compute the propagator from (3.16) imposing A ξ = 0 and obtain
As it turns out, the parameters a and b in the ansatz (3.18) for F (0,1) may be set to zero as they will only affect the constant terms of the free energies which in our case are unphysical since the WKB method only determines the derivative of the free energies. Then the Christoffel symbols and the covariant derivative of the propagator are given by Γ
By considering NS free energies the first part in (3.15) drops out. After writing everything as a polynomial in the propagator with coefficients being rational functions in ξ we obtain
The holomorphic ambiguity h 2 (ξ) can be fixed by the gap condition at all three conifold loci ∆ = ξ 1 − 54ξ
The propagator is transformed to a different conifold locus with 19) where t f is an appropriate flat coordinate at the conifold loci. Imposing the gap condition at these three points is enough to fix the ambiguity completely. If we assume that the gap conditions give linearly independent conditions we will obtain 6(n − 1) conditions, which equals the number of parameters in the ambiguity (3.24).
The result for h 2 reads
Expanding at the conifold locus ξ c = 0 in the flat coordinate ν we find 18 For the higher free energies we can now go on and compute them recursively. For F 3 we find
Expressing higher free energies at the conifold locus ξ c = 0 as well in terms of the locally flat coordinate ν we recover quantum mechanical results. We checked with explicit computations in the WKB framework as well as in the topological string framework that up to order 10 the free energies agree. This provides a constructive confirmation of the conjecture proposed in [15] , at least with regard to the current example. Moreover, the gap condition at all conifold loci gives enough information to fix the holomorphic ambiguities completely.
From a computational point of view solving the holomorphic anomaly equation is more involved. The geometrical methods used to compute quantum periods are more efficient. In particular, using quantum differential operators D 2n simplifies and accelerates the calculation of the quantum periods enormously. With a modern computer quantum differential operators can be computed quickly.
Reduction to the Elliptic Case
A special property of the symmetric sextic potential is that all WKB periods along A, B and B reduce to elliptic ones.
To see this, first consider the Klein four-group Z 2 ×Z 2 ⊂ Aut(Σ (6) ) of holomorphic automorphisms generated by the hyperelliptic involution i 1 : (y, x) → (−y, x) and the reflection i 2 : (y, x) → (y, −x). The involution i 3 = i 2 i 1 simultaneously reversing position and momentum has no fixed points, as for ξ = 0 none of the branch points (0, x k ) equals (0, 0). Hence it defines an unramified two-sheeted covering 19 c :
mapping to the elliptic curve E = Σ (6) /i 3 given by
Even though Σ (6) may also be regarded as double covering of the elliptic curve Σ (6) /i 2 : y 2 = 2ξ − X + 2X 3 , this is not the correct geometry for the WKB periods: naïve substitution in the classical differential y dx leads to the tentative one-form
which however is multi-valued in any sheet of Σ (6) /i 2 (note that (y, X = 0) is not a branch point). Expanding the fraction by √ X, we obtain the one-form ω = Y dX/2X well-defined on Σ (6) /i 3 . By mathematical induction it can then be shown that all WKB differentials Q n = Q n (x) dx may be written as Q n = p n (x) dx/y 3n−1 with polynomials p n (x) = (−1) n p n (−x) of well-defined parity (given that the potential V (x) is an even polynomial). Thus, they are invariant under the action of i 3 ,
and there exist polynomialsp n (X) such that all WKB differentials become pullbacks of meromorhphic forms on E,
Note that the holomorphic one-form Y −1 dX = ∂ ξ ω on E corresponds to its pullback y −1 dx = ∂ ξ (y dx) on Σ.
As the space H 1 (E, C) has smaller dimension than H 1 (Σ, C), we need to check that the classical A-and B-periods on the sextic (and thus their quantum counterparts) map to periods on E. One way to verify this is to note that the Picard-Fuchs operator for the one-form ω reads
and annihilates as well as (4.30) This leads precisely to the subsystem spanned by the classical periods in (4.10) and (4.11) and the residue of (y dx, Σ) or (ω, E). One can also check these findings by explicit computation of periods on E.
The Quintic Oscillator
We now turn to the quintic potential, d = 5, which leads to the family of genus-two curves
The quintic curve can not be regarded as multi-cover of an elliptic curve and is in this sense more generic. The potential and the homology cycles corresponding to pairs of real turning points are given in Fig. 4 .4 for generic small ξ > 0. Moreover, in Fig. 4 .5 the movement of the branch points is visualized. There are three real branch points and one pair of complex conjugated branch points. Additionally one branch point is at infinity. The quintic curve gets singular if the moduli ξ is tuned to a root of the normalized discriminant
Picard-Fuchs Operators and Quantum Differential Operators
The quantum periods ν and ν D are defined by equation (3.2) and (3.3), with the Aand B-cycle encircling branch points as shown in Fig. 4 .4 and 4.5. Classical periods can be determined from the Picard-Fuchs operator and respectively for the B-period
ξ + 66595 576
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These are essentially the only transcendental numbers appearing in this context as the coefficients at higher orders in come from the classical expressions using (4.34).
Picard-Fuchs equations for the A-and B-period at the first few orders in are summarized in appendix C. 20 The subscript indicates the corresponding root of the indicial equation. 
Quantum Free Energies from Quantum Mechanics
As for the sextic oscillator we can compute quantum free energies. For the quintic we find
1708143528275 Γ − 59 6 which involve rational coefficients as well as transcendental ones. The structure of these transcendental numbers is inherited from the WKB periods. Topological string free energies are now highly constrained by this transcendental nature. It is one important step to recover these numbers in the string free energies. The leading singular coefficients of the free energies are the same as predicted from the gap condition (3.22).
Ansatz for F 1
For the topological string computation one necessary ingredient is a suitable ansatz for F 1 . According to equation (3.18) we make an ansatz in terms of the discriminant (4.32). Using the classical mirror map we can compare this ansatz to F 1 in (4.39).
Unfortunately we obtain
which can not fit with the WKB result. In particular, there are no powers of ν which have transcendental coefficients as in (4.39) . Therefore, the ansatz (3.18) together with the classical mirror map can not reproduce WKB computations. An ad hoc generalization of the form
where p 1 and p 2 are polynomials in ξ and α is a constant does not seem to work out. We tested this ansatz up to polynomials of order four and found no solution. This mismatch in the transcendental coefficients might suggest that one has to consider a system with monodromy in SL(2, R) rather than the monodromy in SL(2, Z) that arose in the problem with the symmetric sextic. Experience with the solution of the holomorphic anomaly for generic genus two hyperelliptic families [25] implies that the problem can be solved after a further deformation and strongly suggests that the transcendental coefficients come from the restriction to the sub-slice. We consider such a deformation in the next section and show that all quantum periods can be characterized by systems of two parameter differential operators D 2n . However, comparing this result with a restriction of a solution of the genus two holomorphic anomaly equation is complicated and will be deferred to future work. Of course, such deformed quantum mechanical problems are in itself very interesting as they can for example exhibit competing vacua that will lead to new non-perturbative effects. We have been informed by M. Mariño that at the Argyres-Douglas point 21 of SU(5) N = 2 Yang-Mills theory one could obtain F 1 from the restriction of a genus four curve.
A Two-parameter Family of Quintic Curves
In this section we enhance our discussion of quantum periods to a true two-parameter higher-genus case 22 . The evaluation of hyperelliptic integrals becomes involved and laborious once more generic higher-genus curves are considered, which are not a multicover of an elliptic curve. This gets severe once (1.) quantum corrections are to be computed or (2.) integrands depend on more parameters than just the energy. We show that nevertheless our proposed formalism applies with minimal modification, thus highlighting its true strength. From a physics point of view this makes it possible to investigate systems very different in their classical behavior, i.e., the number of potential wells and thus oscillatory trajectories, on the common footing of their WKB quantum periods. Last but not least, we expect the embedding of the one-parameter quintic family (4.31) into a suitable two-parameter family to be a necessary step for the yet pending direct integration of the holomorphic anomaly recursion in case of a true genus-two geometry.
For concreteness, we study a parametric quintic potential with WKB curve where the coefficient of the leading monomial is again absorbed upon suitable rescaling. The perturbation is given by a quartic potential. The discriminant of Σ 5 turns out to be
(4.43) Note that still an explicit factorization according to (2.15) can be given, as the criticial point condition is a quartic equation solvable in terms of radicals.
The perturbed quintic potential is visualized for different values of the perturbation parameter η in Figs. 4.6 -4.8. Clearly, the number of real extrema changes from two to four as η is varied. For η sufficiently large one period integral previously belonging to a homology cycle around complex conjugated branch points now describes a physical action (at the classical level and for ξ as in Fig. 4.8) .
The Picard-Fuchs operator L generalizes in the two-parameter case to an ideal of Picard-Fuchs operators annihilating the periods. For the construction of operators generating the Picard-Fuchs ideal the ansatz in (2.22) gets extended including additional derivatives with respect to the second modulus η. Then the same procedure goes through, i.e., one subsequently eliminates monomials such that in the end one obtains the differential operator by imposing vanishing of the coefficients in front of the remaining monomials. In the two-parameter case there is an ambiguity in the vanishing condition. Independent choices of the free parameters yield a set of differential operators generating the Picard-Fuchs ideal.
For the perturbed quintic curve (4.42) there are two different Picard-Fuchs operators corresponding to two choices in the remaining parameters in the ansatz. Setting them separately to unity we find
and a logarithmic solution
(4.46)
As a consistency check setting the perturbation parameter η to zero restores the old fundamental system (4.37).
As in the one-parameter case it is possible to construct quantum operators which applied to the classical periods give the quantum periods. In the two-parameter case these quantum differential operators have some freedom. In the construction (2.26) we used that the cohomology group H 1 (Σ, C) is generated by derivatives of the differential y(ξ) dx with respect to the modulus ξ. For two-parameter curves the cohomology group H 1 (Σ, C) still has the same dimension 2g and can be generated by y(ξ, η) dx and derivatives with respect to ξ, η or combinations of both derivatives. This gives a freedom in writing down quantum differential operators 2n D 2n for multimoduli curves. We prefer choosing derivatives with respect to the modulus ξ only, since as a second consistency check we can then take the limit η → 0 giving back the old quantum differential operators (4.34). The first operator 2 D 2 is exemplarily written down in appendix D.
In this new setting of two-parameter curves it would be interesting to analyse how one could recover the WKB periods, in particular, the transcendental numbers or a closed expression for F 1 . A guess could be that transcendental numbers arise from summing up contributions in the new parameter if one restricts to special limits in η. Furthermore, tuning η could transform different quantum mechanical models into each other. For example taking η = In the language of the curve this would yield five branch points located on the real axis. Constructing a symplectic basis of cycles on a genus two surface is well understood, for example as shown in Fig. 2.1 . In this construction it is not necessary that the branch points lie on the real axis. For the quantum mechanical interpretation it makes a significant difference because these cycles encircle the classically allowed or forbidden regions. Additional allowed or forbidden regions can be interpreted as additional vacua and eventually tunneling contributions have to be taken into account. Perhaps in the WKB framework one has to regard more periods which are not considered so far. With our methods it is feasible to compute such periods but future work is required to give them a proper quantum mechanical interpretation. In this perspective analyzing the transition between anharmonic oscillators and more general potentials of different shapes could perhaps extend the theory of one-dimensional quantum mechanical systems, for instance, to generalized quantization conditions as proposed in [34] [35] [36] 40] . For even n the number k = 3n − 1 is odd, so Q n has zero residue at infinity.
Behavior at branch points. Turning to the behavior of ω m k at the d finite branch points where p 2 (x) = 0, one has as local parameter z = √ x − x j . Thus .10) and the first factor is a holomorphic even function of z. Consequently if k is odd, ω m k has zero residue at the branch points. Indeed, k = 3n − 1 is odd for terms in the WKB differentials Q n with even n.
B Evaluation of Period Integrals
We have seen that the Picard-Fuchs equation easily yields expansions for period integrals in terms of their respective parameters up to arbitrarily high order. As the equation can be obtained from the differential and solved with modest effort, the only laborious point is to find the leading terms of the expansions in order to fix the correct linear combination of solutions. 23 Here the classical WKB periods A,B y dx are defined by explicit specification of the homology cycle and shall be evaluated in the following. Our approach applies to all hyperelliptic curves of the form
For d > 4 this is particularly interesting as generically no closed expressions (say in terms of special functions) are known for the hyperelliptic integrals over y(x, ξ) dx.
For the sake of clarity we will focus on the case d = 5.
Recall that the A-and B-cycle are defined such that they encircle pairs of branch points as given in Fig. 4.4 . 24 There are no radical expressions for the branch points, which trace out trajectories in the complex plane as ξ is being varied in an interval I. As the value of the period does not change when replacing the integration contour by a larger one of the same homology class, we can choose a contour sufficiently large to enclose the full trajectories of the respective branch points, hence giving (locally) a ξ-independent integration contour.
Consider I = [0, v] with the root v of ∆. The series we will obtain for the Aperiod will be convergent in a disc D v (0), whereas the B-period will be convergent and single-valued in D v (0)\ [−v, 0) due to the branch cut of the logarithm (which we take to lie on R <0 ). For the quintic we find 25 The computation is based on the ξ-expansion of the integrand y(x, ξ) = 2ξ − x 2 + 2x 5 = 2x
which however is invalid for roots of 2x 5 −x 2 = 0 (an appropriate branch choice understood). As such roots lie within the integration range (A-period) or at its boundary (B-period), the range has to be split and a Cauchy principal value prescription to be used. In case of the A-period we obtain 23 As mentioned in section 2.2, monodromy considerations already allow for partial identification of the periods. 24 In our convention branch cuts lie between branch points where (ξ − V (x)) is negative. 25 Here we set x0 = (B.6) Here we have neglected higher order terms in and δ as they vanish for , δ → 0 eventually. For the first integration part we do not use (B.3) as it stands. Here, we first factorize y 2 = 5 i=1 (x − e i (ξ)) where the roots e i can be computed perturbatively in ξ. Since the integration variable x is arbitrarily small for this integration range we expand the square root of three linear factors in x and then perform the integration termwise. These three linear factors are picked by the condition that e i 0 as ξ → 0. Expanding the intermediate result again in ξ we obtain for the first part −2i 0 2ξ − x 2 + 2x 5 dx = −(− log(ξ) + 2 log( ) + 1 + log(2))ξ + ξ 2 2 2 + O(ξ 3 ) .
(B.7) The same strategy can be applied to the upper integration domain. As it turns out, this part does not give any finite contributions to the final result. It merely cancels singular terms in δ.
Adding all three contributions we finally obtain the leading behaviour of the Bperiod For the higher order WKB periods one could do a similar computation. Fortunately, this is not necessary because the operators D 2n allow us to compute the quantum corrections directly from the classical periods.
C Picard-Fuchs Operators for WKB Periods
In this appendix we collect the Picard-Fuchs operators annihilating the WKB periods for the quintic and sextic anharmonic oscillator. Results include the leading and the first three subleading orders corresponding to WKB periods of order { 0 , 2 , 4 , 6 }. In the present notation the differential operator L (2n) PF annihilates the WKB periods ν (2n) 2n and ν (2n) D 2n . On first sight it seems that in higher order Picard-Fuchs operators new singularities arise in terms of additional zeroes of the polynomial multiplying the highest derivative. However, these are spurious poles since writing the Picard-Fuchs equation in a coordinate centered at such a point one obtains a fundamental system spanned by regular solutions. This is in accordance with our geometric expectation: the radius of convergence of a solution is determined by the distance to the nearest degeneration point, which must be a root of the discriminant. Clearly, the respective discriminant appears in all Picard-Fuchs operators of the sextic and quintic periods. 
Picard-Fuchs Operators for the Sextic Oscillator

